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11.1. Vegetation Canopy Structure

Turbid Medium Approximation: The vegetation canopy is idealized as a medium filled
densely with small planar elements of negligible thickness and area, i.e., a turbid
medium. All organs other than green leaves are ignored for the time being. Two
important structural attributes — leaf area density and leaf normal orientation distribution
— are first defined in order to quantify vegetation-photon interactions.

Leaf Area Density Distribution: The one-sided green leaf area per unit volume in the
vegetation canopy is defined as the leaf area density distribution u, (r)(m™). The
quantity,

ZH
Lx,y)= J.dz u, (X,Y,2), (2.1)

is called the leaf area index, one-sided green leaf area per unit ground area at (x,y). Here
Zy is depth of the vegetation canopy. The vertical distribution of u, (z),
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where Xg and Yg are horizontal dimensions of a stand, shows the profile of leaf area
distribution along the vertical. The variables L and u, (z) are key parameters of climate,
hydrology, bio-geochemistry and ecology models as they govern the exchange of energy,
mass and momentum between the land surface and the atmospheric planetary boundary
layer.

Direct measurements of L and u, (z) are labor-intensive and expensive. The modeling of
u, (r) is a challenge as it requires computer simulation of vegetation canopies based on
tedious field measurements (Fig. 1). Hence the interest in remote sensing of these

variables from space-based measurements of reflected solar radiation and lidar
backscatter returns (Fig. 2).

Needle Area Density Distribution: For non-flat leaves such as conifer needles, the
counterpart to one-sided leaf area is the hemi-surface or half-of-total leaf (needle) area. In
coniferous canopies, thus, the hemi-surface needle area is used in expressing the leaf area
density (up) and leaf area index (LAI).



mountains. The stand is about 45 years old and situated on the south slope. A 40x40 m® section of the stand
with 297 trees was sampled for reconstruction. The stem diameters varied from 6 to 28 m and the tallest
trees were about 12.5 m in height. The trees were divided into five groups with respect to stem diameter. A
model of a Norway spruce based on fractal theory was used to build a representative of each group
[Knyazikhin et al., 1996]. Given the distribution of tree stems in the stand, the diameter of each tree, the
entire sample site was generated (left panel). The right panel shows the spatial distribution of leaf area
index L(x,y) at spatial resolution of 50 cm?, i.e., distribution of the mean leaf area index L(x,y) taken over
each of 50 by 50 cm ground cells.

Figure 2. Global distribution of annual average vegetation green leaf area index L(x,y) at 1 km resolution derived
from MODIS measurements of surface reflectances [Knyazikhin et al., 1998]. Data from a four year period, July
2000 to June 2004, were used to produce this image. This MODIS product has been developed from an algorithm
based on radiative transfer theory developed in this book.



Leaf Normal Orientation Distribution: Let
QL =0, 1) = (UL, @), i € (0,1), 1 € (0,2m),

be the normal to the upper face of a leaf element. If this normal is in the lower
hemisphere, the lower face may be treated as the upper face, i.e., the definition of the
upper face of a leaf element is the face the normal to which is in the upper hemisphere.
Hence, the space of leaf normal orientation is always 27 steradians. Further, let (1/27)
g, (Qp) be the probability density function of leaf normal orientation,

1
- Jeeg@)=1. (2.2)
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If u, and ¢, are assumed independent, then

L @)=g )~

o o hy (¢p), (2.3)

where g, (i, )and (1/2w) h, (¢, ) are the probability density functions of leaf normal
inclination and azimuth, respectively, and
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The functions g, (1), g, (1,.) and h (¢, ) will depend on the location r in the
vegetation canopy but this has been suppressed for clarity.

The simplest model of leaf normal orientation distribution is constant leaf normal
inclination and uniform distribution of azimuths,

g (@) = -8, ). 2.4
2n 2n
The following example model distribution functions for leaf normal inclination are
widely used [Bunnik, 1978]: (1) planophile — mostly horizontal leaves, (2) erectophile —
mostly erect leaves, (3) plagiophile — mostly leaves at 45 degrees, (4) extremophile —
mostly horizontal and vertical leaves and, (5) uniform — all possible inclinations. These
distributions can be expressed as,

Planophile: g, (0,)sin0, = 2 (1+cos20,), (2.5a)
T

Erectophile: g, (0,)sin0, = 2 (1—cos20,), (2.5b)
T



Plagiophile: g, (0,)sin0, = 2 (1—cos40,), (2.5¢)
T

Extremophile: g, (0, )sin0, = 2 (1+cos40,), (2.5d)
T

Uniform: g,.0,) =2/r, (2.5¢)

Spherical: g,(0,) =sin 6, (2.59)

and are plotted in Fig. 3.
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Figure 3. The g(d,) for (a) planophile (mostly horizontall leaves), (b) erectrophile (mostly vertical

leaves), (c) plagiophile (leaves inclined mostly at about 45 degrees), (d) extremophile (mostly horizontal
and vertical leaves) and (5) uniform (all inclinations equally probable) distributions.

Certain plants, such as soybeans and sunflowers, exhibit heliotropism, where the leaf
azimuths have a preferred orientation with respect to the solar azimuth. A simple model

for h, in such canopies is [Verstraete, 19871,

1 1
o h (¢,,9)=—cos’(p—¢, —n), (2.6)
7T 7T

where n is the difference between the azimuth of the maximum of the distribution
function h;, and the azimuth of the incident photon ¢. In the case of diaheliotropic

distributions, which tend to maximize the projected leaf area to the incident stream 1 = 0.



On the other hand, paraheliotropic distributions tens to minimize the leaf area projected
to the incident stream, N=0.5n. A more general model for the leaf normal orientations is
the beta distribution, the parameters of which can be obtained from fits to field
measurements of the leaf normal orientation [Goel and Strebel, 1984].

Needle and shoot orientation: The orientation of three-dimensional and non-cylindrical
conifer needles however cannot be defined by one vector alone (as the leaf normal in case
of flat leaves) but an additional vector is needed. These two vectors can be defined, for
example, as the main axis of a needle and a normal to this axis (Oker-Blom and
Kellomiki 1982). The needle axis defines the needle inclination for which the same
characterizations as for planar leaves (e.g. a planophile or an erectophile needle
inclination distribution) can be used. Whenever the needles are not cylindrical, the
rotation angle, defined by the normal to the needle axis, must in addition be specified. We
define the spherical needle orientation so that the needle main axis has no preferred
direction in space and, for any fixed direction of the needle axis, the rotation angle is
uniformly distributed.

Conifer needles are typically tightly grouped into annual shoots, which (for reasons that
will become clear later) are often used as the basic foliage elements in modeling radiative
transfer in coniferous canopies. To define shoot orientation, the same approach as defined
above can be used (Stenberg 1996). For example, the main shoot axis has equal
probability of pointing in any direction in the case of spherical shoot orientation
distribution.

The shoot inclination in many conifer species changes with depth in the canopy so that it
becomes more horizontal deeper down in the canopy. In shade-tolerant species,
especially, this change is accompanied by changes in the shoot structure so that, for
example, shade shoots are flatter than ‘sun shoots’ (Fig. 4).
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Figure 4. Determination of shoot orientation and illustration of ‘sun shoot’ and ‘shade shoot” geometry.




11.2. Vegetation Canopy Optics

A photon incident on a leaf element can either be absorbed or scattered depending on its
frequency. If the scattered photon emerges from the same side of the leaf as the incident
photon, the event is termed reflection. Likewise, if the scattered photon exits the leaf
from the opposite side, the event is termed transmission. Scattering of solar radiation by
green leaves does not involve frequency shifting interactions, but is dependent on the
wavelength.

A photon incident on a leaf element can either be specularly reflected from the surface
depending on its roughness or emerge diffused from interactions in the leaf interior.
Some leaves can be quite smooth from a coat of wax-like material, while other leaves can
have hairs making the surface rough. Light reflected from the leaf surface can be
polarized as well. Specularly reflected photons contain no information about the
constitution of the leaf material as this is a surface phenomenon. Photons that do not
suffer surface reflection enter the interior of the leaf, where they are either absorbed or
refracted because of the many refractive index discontinuities between the cell walls and
intervening air cavities. Photons that are not absorbed in the interior of the leaf emerge on
both sides, generally diffused in all directions.

Leaf Scattering Phase Function: The angular distribution of radiant energy scattered by
a leaf element is specified by the leaf element scattering phase function. Consider an
elemental leaf area do. on which monochromatic radiation of intensity I is incident along
(Y'. The amount of radiant energy flowing through the leaf area do. along Q' confined to
the solid angle dQ' in a time interval dt is

dE'=1(Q) |Q, «Q’

do, dQ'dt.

The wavelength dependence is assumed and will not be explicitly denoted in what
follows. One part of dE’ is absorbed and the rest is scattered in all directions. Consider
the direction Q about the solid angle dQ2 into which some part of the incident energy is
scattered dE upon interaction with the leaf element. The leaf scattering phase function y.
which introduces the appropriate stream is

, dE
’YL(Q —> Q,QL)dQ :@.

The leaf albedo, w.(Q2',Q21), is the fraction of incident energy scattered by the leaf, i.e.,

[dEdQ
o, (Q,Q,) =2 = jd(pjdu Y (Q > Q,Q,).
0 -1

; =

Radiant energy may be incident on the upper or the lower faces of the leaf element (—or
+) and the scattering event may be either reflection or transmission. Integration of the leaf



scattering phase function over the appropriate solid angles gives the leaf hemispherical
reflectance p; and transmittance 1| coefficients:

PLQ.Q)= [1.(@>Q0)dQ, (Q+Q)<0; (272
(QeQ; )>0

T(Q,Q)= [1.(@->Q0)d2, (Q'eQ)<0, (27b)
(QeQ, )<0

Pr,Q)= [1(Q>Q0)d2, (Q+Q)>0, (27
(QeQ, )<0

THQ,0Q,) = ij(Q’AQ,QL)dQ, Qe )<0. (2.7d)

(QeQ, )>0
The leaf albedo @i (Q',Q;) is simply the sum of pp and 7 ; for example,

pL(Q,Q,)+1,.(Q,Q,), if (QeQ,)<0;

(2.8)
PIQ,Q)+1(Q,Q,), if (QeQ,)>0;

OJL(Q',QL)={

and in general depends on the incident photon direction Q' and the leaf normal
orientation ;. Typical spectra of a green leaf reflectance p, and transmittance t, are
shown in Fig. 5. The diffuse and specular leaf scattering phase functions are discussed
below.
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Figure 5. Typical reflectance (left axis) and transmittance (left axis) spectra of an individual plant leaf
from 400 to 2000 nm for normal incidence. Note the following features — strong absorption at blue and
red, moderate scattering at green, very strong scattering at near-infrared wavelengths and water absorption
peaks in the mid-infra red. The dramatic increase in scattering from red (about 700 nm) to near-infrared
(800-1100 nm) is often the basis for remote sensing of green vegetation.



Diffuse Leaf Scattering Phase Function: A simple but realistic model for diffuse leaf
scattering phase function was proposed by Ross [1981] and others, and is extensively
used in remote sensing works. In this model, a fraction pr 4 of incident energy is assumed
reflected in a cosine distribution (i.e., Lambertian) about the leaf normal. Similarly,
another fraction 1r 4 1s assumed transmitted in a cosine distribution on the opposite side
of the leaf. In this model, transmission and reflection do not depend on whether radiant
energy is incident on the upper or the lower side of the leaf element. This bi-Lambertian
model can be written as

Lonleeq,| @e0)@e0,)<o0,

V(@ —>0,0)=" 2.9)
—T, Q00| (QeQ )Q'eQ)>0.
T

Problem 2.1. Show that the leaf albedo for the bi-Lambertian model is

J.dQ VL,d(Q’ —>Q,Q,)= PratTrg-
4

Specular Leaf Scattering Phase Function: Specular reflection from the leaf surface
depends on the angle of incidence o' (the angle between the leaf normal Q; and the
incident photon direction 2, the wax coat refractive index n and the roughness of the leaf
surface k. The index of refraction n is a weak function of wavelength and a standard
value of about 0.9 is used in most studies (which is why specularly reflected light from
smooth leaves looks white). A simple model for specular leaf scattering phase function

s 1S

Y. (Q > Q,0Q,) =F,0,d)K(k,a) §,(QeQ"). (2.10)
Here, F; is the Fresnel reflectance averaged over the polarization states,

F(n.o') _ 1} sin’(a -8,) . tan”(a -0,)
’ 2| sin’*(0 +60,) tan’(a +0,) ’

where sin 05 = (sin a')/n. The function K defines the correction factor for Fresnel
reflection (0 <K < 1), and the argument k¥ ~ 0.1 to 0.3 characterizes the roughness of the
surface. A simple model for leaf surface roughness is

Kk,a") = exp[— K tan(|a'|)].

The function 9, is a surface delta function,



5:(QeQ") =0, Q#Q",  [dQg(Q)5,(Qe Q") =q@"). (2.11)

The vector Q" =Q'(Q',Q,) defines the direction of specular reflection. The leaf albedo
for specular reflection is therefore,

[dRy,, (@ >Q0) =00 =Kxa)Ema). (212

4
11.3. Total Interaction Coefficient

The probability that a photon while traveling a distance d& in the medium will interact
with the elements of the host medium is given by o(r,Q)dE where o(r,QQ)is the total
interaction coefficient (m™). This probability can be derived as follows.

Consider an elementary volume dSd¢ at r in the medium and which contains a sufficient

number of small planar leaf elements of negligible thickness. The probability that
photons in the incident radiation will collide with leaf elements in this volume is given by
the ratio of the total shadow area of leaves on a plane perpendicular to the direction of
photon travel Q to the area dS,

total shadow area on a plane perpendicular to Q2
ds

o(r, Q)dE =

b

s [Q,0Q|+s,|Q,0Q |+ .. +5,]|Q Q]
- ds

wheres, is the area of leaf element of orientation Q.. If the leaf elements are sufficiently

small and numerous, their shadows do not overlap and, the ratio of the area of all leaf
elements s,of orientation €, to the total leaf area S in the elementary volume is

equivalent to the number or the probability of leaf elements of orientation Q ;, that is,
S (QL)/S, = (127)g, (r,€Q,;,)dQ,; .

Thus,
S
o(r,)dg = d_os[(l/zﬂ)gL(LQLl)dQLl | Qe Q[+(127)g, (1,Q,)dQ, [Q, ¢ Q| +-'-]9

S 1 S
=—2— |dQ 1, Q)| Q, e Q| =—G(1,Q,).
S 27 18 (,Q)[Q, | ds (r,Q)

2n+

Therefore,

o(r,Q2) = u (r)G(r,Q2) , (2.13)



because (S,/dSdE) is the leaf area per unit volume or the leaf area density u, (r). The

function G(r,Q) is the geometry factor, first proposed by Ross [1981], and may be
defined as the projection of unit leaf area at r onto a plane perpendicular to the direction

of photon travel Q. The geometry factor G satisfies the following condition:

1 1
— [do G = . (2.14)

2n+

Example G-functions for model leaf normal orientations are shown in Fig. 6. It is
important to note that the geometry factor is an explicit function of the direction of
photon travel Q in the general case of non-uniformly distributed leaf normals. This
imbues directional dependence to the interaction coefficients in the case of vegetation
canopies, that is, the vegetation canopy radiation transport is non-rotationally invariant.
The transport problem reduce to the classical rotationally invariant form only in the case
of spherically distributed leaf normals (G =0.5). Another noteworthy point is the
frequency independence of o, that is, the extinction probabilities for photons in
vegetation media are determined by the structure of the canopy rather than photon
frequency or the optics of the canopy.
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Figure 6. The G-function with projection zenith angle 6 for (a) planophile, (b) erectophile, (c) plagiophile,
(d) extremophile and (e) spherical leaf normal distribution functions. A distribution with mostly horizontal
leaves (planophile) has a higher probability of intcercepting photons incident from directions close to the
vertical and vice-versa. The G-function for uniform orientation is equal to one-half. Variations seen in the
figure are due to numerical errors.



The total interaction coefficient o(r,Q2) can be estimated from transmission measurements
made below the vegetation canopy at wavelengths where leaves strongly absorb the
incident radiation. Such measurements can be inverted to solve for the leaf area density
distribution uy (r) and the leaf normal orientation distribution function (1/2w) gy (r,€2p).

The G-function for needles and shoots: The geometry factor G for needles varies with
the cross-sectional needle shape, including forms close to a half circle (Scots pine) or a
rhomb (Norway spruce), and cannot be calculated using the simple expressions given by
Eq. (2.16). For vertical needles with uniform rotation angle, however, the same value
G = (2/m)sin O as for vertical leaves is obtained (Oker-Blom and Kelloméki 1982). More
importantly, the condition given by Eq. (2.14) that the mean of G over all possible
directions equals 0.5 holds true also for needles, irrespective of their shape as long as
they are convex (Lang 1991). Also, the G value of spherically oriented needles equals 0.5
for all directions of the incoming beam.

When using the coniferous shoot as the basic foliage element, the geometry factor G
corresponds to the ratio of the shoot’s silhouette area on a plane perpendicular to the
direction of photon travel to the hemi-surface needle area. Oker-Blom and Smolander
(1988) defined it as the silhouette to total area ratio (STAR), where the total (all-sided)
needle area was used in the denominator. Because here we use the hemi-surface leaf area
as the common basis for both flat leaves and needles, the shoot geometry factor G equals
2xSTAR.

The G value of spherically oriented shoots (2STAR ) no longer equals 0.5 but is
essentially smaller due to needle overlapping in the shoot (i.e. the shoot is not a convex
object). Empirical data for Scots pine and Norway spruce shoots show a range of
approximately 0.2 to 0.4 (smaller values in the upper canopy and higher values in lower

canopy) and a mean around 0.3 for2STAR . This corresponds to a 40 % reduction in the
G value of shoots as compared to that of single leaves or needles (for which G=0.5)

Problem 2.2. Let f(y), —1 <y <1, be a function of one variable; Q = (0, ¢) and QO = (01, ¢ ) are two unit
vectors. Show that

jf(QL ¢ Q)dQ = 4mq(sind, ).
2"
Here QeQ); is the scalar product of two vectors, and q(x), 0 < x <1, is a function of one variable defined as
1 1}
4() = [y +  la(r,0fn) + B, Of-nldy
X 0

where a(y,x) + B(y,x) = 1, and

yV1-x°

X4/l -7v° .

B(y,x) = larccos
T



Problem 2.3. Letting f(y) = |y |, show that j 1(Q, eQ)|dQ =17 .

Problem 2.4. Prove (2.14).

Problem 2.5. Show that the geometry factor G(r,Q2) for spherically distributed leaf normals depends neither
r nor Q2 and is equal to %5.

Problem 2.6. Show that G = p for horizontal leaves, and G = (2/r)sin 0 for vertical leaves.

Problem 2.7. Let the polar angle, 61, and azimuth, ¢ 1, of leaf normals are independent (see Eq. 2.3). Show
that

1
Glrop ) = [ dp, (V) (st 1) 2.15)
0
where ;. =cos 0, 1 =cos 6, and
1 2n
(i) == [h(e,)] (QeQ,)|do, .
2

Problem 2.8. Show that in canopies where leaf normals are distributed uniformly along the azimuthal
coordinate [i.e., h(¢1)=1], w(u, L) can be reduced to

|HML , if (upp ) = (sinBsin, ),

W, py) =
' up, 2o /m—1)+2/m2/1-p* \J1-p; sing,. else,

where the branch angle ¢, is arccos(—cot 6 x cot 0y).

(2.16)

Problem 2.9. Show that in canopies with constant leaf normal inclination but uniform orientation along the
azimuth [cf. Eq. (2.4)], G(1) = w(l, w)-

Problem 2.10. Using Eq. (2.6), derive the W([L, |1, ) in the case of heliotropic orientations.

11.4. Differential Scattering Coefficient

The probability that a photon while traveling a distance d& in the medium will scatter
from direction Q' to direction Q is given by o (r,Q — Q)dQdé where o,is the

differential scattering coefficient (m~' sr™"). This probability can be derived as follows.

Consider an elementary volume dSd¢ at r in the medium and which contains a sufficient
number of small planar leaf elements of negligible thickness. The probability that
photons incident along Q' will scatter into a differential solid angle about Q is given by



o, (r,Q — Q)dQdE =

S, |Q,,0Q | 7,(Q,;Q — Q)dQ NEE 1Q,0Q |y, (Q,;Q — Q)dQ N
ds ds

Sy [ Qux 0 Q' |7, (2,:Q = Q)dQ
dsS
wheres. is the area of leaf element of orientation Q. and vy, is the scattering phase

b

function. The point interactions are assumed to be independent and uncorrelated. Implicit
in the formulation of the above is the assumption that the leaf elements are sufficiently
small and numerous. The ratio of the area of all leaf elements s, of orientation Q,; to the

total leaf area S_in the elementary volume is therefore equivalent to the number or the

probability of leaf elements of orientation Q.. that is,
§,(Qu)/S, = (127)g, (r,Q;)dQ,; ,

and,
(127)g, (r,€2,)dQ,, [Q,, e Q| ’YL(QLI;Q' — Q)dQ +
o, (r,Q — Q)dQd¢ =d—°S ,
(12m)g, (1,Q2,,)dQ,, [ Qp, o Q'] 7, (Q,:Q - Q)dQ +...

S, 1 , \
zadQEJerQLgL(raQLHQL'Q [ 7.(Q;Q = Q),
S

==0 der(r,Q' - Q).
dS Vs

Thus the differential scattering coefficient may be written as,
o, (r,Q —)Q):uL(r)lF(r,Q' - Q) (2.17)
V2

because (S,/dSd) is the leaf area per unit volume or the leaf area density u, (r). Here

(1/m)[ is the area scattering phase function first proposed by Ross [1981]. It is important
to note that the differential scattering coefficient is non-rotationally invariant, that is, it is
an explicit function of the polar coordinates of Q' and Q. It can be reduced to the
rotationally invariant form, o(r,Q'—>Q)= oy(r,Q'®Q) in a few limited cases. This
property precludes the use of Legendre polynomial expansion and the addition theorem
typically used in transport theory for handling the scattering integral.

The scattering phase function combines diffuse scattering from the interior of a leaf and
specular reflection from the leaf surface,



[r,Q ->Q)=r,r©,Q" > Q)+ (r,Q" > Q).

The functions I'y and I’ are discussed below.

Area Scattering Phase Function for Diffuse Scattering: With the bi-Lambertian leaf
scattering phase function introduced earlier [Eq. (2.9)], the diffuse area scattering phase
function ['4(r,QQ'—>Q) = [y(r,Q2—>Q") may be written as,

T,06Q ->Q)=p, J:06Q - Q) +1, T;r,Q —>Q), (2.18)

where,
1 1 2n
L@ > Q) =2 [, [dpr g,(1,.00) (Q00)) (Q'0Q)). (2.19)
0 0

The (+) in the above definition indicates that the ¢, integration is over that portion of the
interval [0, 27] for which the integrand is either positive (+) or negative (—). The
dependence on spatial point r is suppressed for clarity. The bi-Lambertian phase function
imbues the area scattering phase function with a useful symmetry property,

[,(Q->0Q)=T,(Q->Q)=Ta-Q"—>-Q).
For the special case of pr 4 = 1.4, an additional symmetry holds,
[,(Q —->Q)=T«-Q" > Q).
An expression for the diffuse area scattering phase function can be derived from Egs.

(2.18) and (2.19) in canopies with horizontal, vertical and uniformly distributed leaf
normals. For horizontal leaves i = 1, one obtains,

Toghi's pp' >0,

R (2.20)
Pralpw], pu'<O.

Fd(Q’—>Q):{

For vertical leaf orientations (n, = 0)

L (Q —>Q)=T,(B)1- > 1-u"?, (2.21)
where f=¢ —¢'; 0 < B <27, and,

Q)

L(p) =

T
21;’: (sinf} —BcosP) + %’dcosﬁ.



In the case of uniformly distributed leaf normals, the rotationally invariant scattering
phase function is

I, (Q - Q)= %(sinﬁ —Beosp) + L cosp, (2.22)
7T T

where B = arccos(Q2'eQ). This form of 'y is illustrated in Fig. 7.
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Figure 7. The area scattering phase function I'(Q2'—>Q) for uniformly distributed leaf normals. Each leaf is
assumed to scatter according to the bi-Lambertian model. This function is rotationally invariant and in such
cases the radiative transfer equation can be solved using standard methods developed in astrophysics and
atmospheric physics.

In the general case of distributed leaf normals, the non-rotationally invariant form of the
scattering kernel must be solved numerically [Eq. (2.19)]. Some simplifications are
possible in the case of uniform distribution of leaf normal azimuths hy=1 and the bi-
Lambertian leaf scattering phase function. This is achieved by azimuthal averaging of the
scattering kernel,

' 1 2n '
Ty > w == [doT,(Q > Q)
2n

1
= IdHL g (1) [TL,d \P+(ﬂaﬂ‘7ﬂL)+pL,d Ti(ﬂaﬂ'aﬂL)l
0

(2.23)



where

2n 2n
1

[do [do, (@'eQ,)(@QeQ)). (2.24)

WE (0, ) = (£) =

The double integration over ¢ and ¢p for bi-Lambertian scattering distributions also

eliminates ¢'. Evaluation of the double integral in Eq. (2.24) gives [cf. Shultis and
Myneni, 1988],

P (') = H(u, ) HEW, ) + H(=ppg ) HERR ), (2.25)
where the H function is,

H(u,p ) = pu, , if (cot@cot,)>1,
H(u,u, )=0, if (cotfcoth,)<]1,

1 . .
H (p ) =—Lpp () +1- w1 1= sing, ()], otherwise,
and,
cosp, (1) = (coth coth), ) = 7~ @, (~4).

The H function is shown in Fig. 8.

0

=1
=1

Figure 8. A contour plot of H(p,p) function.

The azimuthally averaged area scattering phase function also possesses symmetry
properties, namely,

Py =T(u->p)=Ti(=p'—>-w.

For the special case of pr4= 114, Egs. (2.23) reduces to,



L, (W= w) =%fdm g (e )L (s pay ) + H (=gt )Y LH (' 1y ) + H (=445 p4,)]

a)L,d 1 '
= Jdugy e w () y (' ) (2.26)
0

and an additional symmetry occurs, I',(x#'— p)=I",(—p'— —pn). The function y in Eq.

(2.26) is given by Eq. (2.16). In the case of horizontal leaf orientation, the area scattering
phase function is independent of exit azimuth [Eq. (2.20)]. However, in the case of
vertical leaves, this is not so [Eq. (2.21)], and integration over ¢ from 0 to 27 or
alternately over £ from 0 to zresults in,

20
T (' ) =—5=1-p* 1-p?. (2.27)

2
T

The scattering coefficient for diffuse bi-Lambertian scattering from the leaf interior o’
has the explicit form [cf. Eq. (2.17), (2.10)],

6/ (1, Q) =u, (1) 1 [dar,@ > ),
n 4n

=u, (Do, GQ). (2.28)

The normalized scattering phase function (1/4n) Py is therefore,

4T, (Q' > Q)

P,(Q > Q)= ,
‘ o, G(Q)

: (2.29)

such that,
1
— |dQP,(Q" > Q)=1.
4754[[ A )

The normalized scattering phase function P4(QQ'—>€Q) for planophile leaf normal
inclination distribution and bi-Lambertian leaf scattering distribution is shown in Fig. 9.
It is clear that the scattering phase functions in leaf canopies are non-rotationally
invariant, that is, they are not unique functions of (Q2'eQ).
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Figure 9. The normalized azimuthally dependent phase function P(QQ'—Q) for a planophile canopy
[predominantly horizontal leaves]. The leaf transmittance and reflectance are both equal to 0.5, and Q' is
fixed at 0’ = 170° and ¢ = 0°. Each dot is the value of the phase function for a discrete value of Q; = (L, ¢;)
[the nearly horizontal row of dots is for a fixed p; and ¢; varies]. These results illustrate that the phase
function is non rotationally invariant, i.e., it depends on the coordinates €)' and €2 and not just on the
scattering angle [cos ' (QeQ")].

Area Scattering Phase Function for Specular Reflection: Using the model described
earlier [Eq. (2.10)] for specular reflection from leaf surfaces, the area scattering phase

function for specular reflection can be evaluated as (cf.dQ; = dQ*/4|Q'OQL ),

1 1
;rs(g'—> Q)= o deL g (Q)QeQ, |y, (> Q,Q,),

2n+

:éjdﬁ* gL(QL) K(K,(X') Fr(n,(l') SZ(Q.Q*)’
4n

= igL(Q*L) K(x,a") F,(n,a’), (2.30)
8m

where Q] =Q, (Q',Q) defines leaf normals condusive for specular reflection given the
incident and exit photon directions.

Problem 2.11. Show that the leaf normals appropriate for specular reflection are given by



c |-y
i)’
V1= 1'% sing'—y/1— 1* sin ¢
J1= 1% cosg'—/1- 1% cosd |

The scattering coefficient for specular reflection from the leaf surface c's has the form,

tang, =

& (6 Q) = u, (1) fdar, @ -9,
T

4n

“u ) 40, (@) |0, [KK(@) F, (1.0, (2.31)

2m+
=u (1) I (Q).
The normalized scattering phase function is therefore,

AT (Q'— Q)

P(Q—> Q)= )

, (2.32)

such that,

idePJQQ—)Q)zl.
4m ;.
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11.6. Solutions to Problems

Problem 2.1. Show that the leaf albedo for the bi-lambertian model is

J- dQ7L,d (Q'->0,0)= PraTTra

4

Solution 2.1. The diffuse bi-lambertian model can be written as

lpw [QeQ,[,(QeQ,)(QeQ),) <0,
7L,d(Q’ —>Q,Q,)= 71[
—7,,[Q0Q,[,(QeQ, )(QYeQ,)>0.
T
So,

[a9y, (@ >0,0,)

Y4

= [ dOy, @ ->00)+ | dQy, (@ >0.Q) (1)
QeQ2; >0 QeQ2; <0

For any fixed angle Q,, (Q'eQ,)>0 is a hemisphere and (Q2'e(),)<0 is another.
Consider the relationship between incident angle Q' and destination angle Q, if they are
in the same hemisphere of (QQ'eQ,)>0, then (QeQ,)(N'eQ,)<0, and the
hemispherical ~ diffuse light (QQe€,)>0 is reflected light, otherwise,
(QeQ,)(Q'eQ,)>0, and the hemispherical diffuse light (QeQ, )<0 is transmitted
light. In other case, let’s consider the hemisphere (Q'eQ,) <0, the hemispherical diffuse
light (©2e€2,) >0 is reflected light, and (€2e€2,) <0 is transmitted light.

Any combination of Q" and Q would fall into the category (QQeQ,)(QQ'eQ,)<0
or (QeQ) ) (e )>0,regardless of Q,, so we can rewrite (1) to

Ay, (@ >Q.0)+ [ d9y, (@ -50Q0)

(Q00, (00, )>0 (00, )(Q'0Q; )<0

= d017, [0, |+ | i0Lp, 000,
T 4

(00, N Q002 )>0 (00, Y Q002 )<0

1 1
= [ da—r 0|+ | dQ;pL’d|QOQL|

(Qe0)>0 (Qe0)')<0

1 1
=—7,, [ dQ|QeQ,|+—p,, [ dQ|QeQ]
4 27" 4 2r”



From the result of problem 2.3 and the symmetry of two hemispheres, we have

[ dQlQeq,|= [ dQlQeQ,|=7,
27" 27"

so the former equation goes on as

1
T Mt =P T =Tt Pras
T T

and this is the final result.



Problem 2.2. Let f(y), -1 <y < 1, be a function of one variable; Q = (0, ¢) and Qp = (0,
¢r) are two unit vectors. Show that

j f(Q, #Q)dQ = 4nq(sind, ) .

27t

Here Qe Q is the scalar product of two vectors, and q(x), 0< x <1, is a function of one
variable defined as

a(x) = % j fy)dy + % j [a(y. ) £7) + By, %) fp)ldy |
where a(y, x) + B(y, x) =1, and

2

yV1-x

By, x) = larccos

Solution 2.2. Let

g(Q,) = j f(Q, #Q)dQ.

ot
To show that g(€y) is a function of only 6;, we want to choose a coordinate system in
which g(€;) is more convenient to calculate. For simplicity, let’s assumed ¢; = 0. This
assumption put no more restriction on the problem because we can always substitute ¢
with (¢ - ¢r) without changing the domain of the integration (i.e., the upper hemisphere).

If ¢p. = 0, the following rotation transform

cosf, O sin0
X=AX,A=| 0 1 0

—sin®, 0 cos6,
projects a vector X into a new system in which € is the z-direction. Note that
I=ATe A,

where A is the transpose of the A transform. Therefore, the inverse of the A transform is
AT,



To determine the integration domain in the new coordinate system, let X be a unit vector
in the new system, and

sin 0 - cos@
X=| sin0-sinQ |.

cos0

From the A" transform, x falls in the upper hemisphere in the original system if it satisfy
that

—sin0, -sin0-cos@+ cosd, -cos0 >0.

Note 0. [0, wn/2],0€[0, =], sin O -sin 6 > 0, then the above inequality gives

cos0, -cos0
COSP < ——=——-.
sin0, -sin0
Note that
OS5 1 0e00, T0,) = {9)=[0, 2n]
sin@, -sin6 2
g 980 neos g g 1T g, T, ]
sin@, -sin0 2 2
= {¢} =[arccos —CéseL -c‘ose , 2m-arccos —C_OSGL 'Cése
sin@, -sin6 sin@, -sin6
SO <L e(Z40,,1] = fo)=2
sin@, -sin6 2

Because Q; is the z-direction in the new coordinate system, it indicates that

cosf=0Q, eQ.
Then



Q)= [ fQe0)d

COS P<—; -
sin@y -sinf

cosf; -cosO

T
T o
2 L

= J. f(cos0)- —d(COSe)zjI de

0

pu . cos0; -cosO
E+9L 2-arccos( sin6 -sinf

+ j f(cos0)-—d(cos0) J- do
E—GL arccos(ic(_)S O -CF)S 0
2 sin@; -sin@®

Substitute variable 0 with (n/2- 0), and because cosf = sin(g-e), sinf = cos(%-@), and

use the equality that

arccos(-¢) = m-arccos(d),

the above equation can be rewritten as

e L]

2n
g(Q, ) = | f(sin0)-d(sin0) I do
0, 0
cos0; -sin6
0 2m-arccos( sin0; -cos0
+ j f(sin0)- d(sin®) j do
-0, cosBy -sinb
arceos( sin®; -cos0
3
=2n- j f(sin0) - d(sin®)
0,
% cosO, -sin0
+ j f(sin0)-[2n-2 arccos(——=———)]- d(sinf)
0 sin0, -cos0
& cos, -sinf
+ j f(-sin 0) -[2 arccos(——L———)]- d(sin0)
0 sin0, -cos0

Note in the last step above we have used the equality that

arccos(-¢) = m-arccos(9) .

Finally, let x = sinf;, y = sinf, and



. 2
B(y,x)= 1 arccos(c,oseL—sme) _1L arccos( rlex
T

sin0, -cosO0” m X- /1_Y2).

Q(Y,X): 1 'B(Yax)

Plug them into the above equation and change the limits of integration according the
variable vy, we have

g(Q,) = 2x[ f(y)dy + 2z [ [a(y, x) fy) + B(y, x) f-7)] dy

=4m-q(x)



Problem 2.3. Let f(y) =|v|, show that [ [, eQ)[dQ=1.
27t

Solution 2.3. Using the results of Problem 2.2,

[ @, ©©Q)dQ = 4nq(sind, )

= 2m{[ vy + [Ty, %) + By, )]y d}

1 X
= 2n{[ ydy + [y dy}
X 0

=2n-jydy
0

=T .



Problem 2.4. Prove (2.14).

Solution 2.4. Equation (2.14) states that

L | dQG(r,Q) =+
27 . 2

From the definition of

b

G Q)= [ d9,2,(2,)[(@, *®)

we get

L [ 4G, 0)
27 27"

1 1
B Zz,ﬁ dQZfL dQLgL (QL)|(QL * Q)|
1

- 47

[ [ dod0,g,(©)]@, +0)

2z% 27"

1
= | du2@) [ d0f(@,+0)
27t 27t




Problem 2.5. Show that the geometry factor G(r,Q) for uniformly distributed leaf
normals depend neither » nor Q and is equal to %

Solution 2.5. From the definition,

3

G, Q)=+ [ 49,2,(@,)|(@, *0)

and the uniform assumption that g,(Q,)=1, we get
1
G(r,Q) == [ dQ, |, «©)
272- 27"

The right side form is exactly the result of Problem 2.3, so
G(r,Q) =L07z 1
2r 2

Also, from the uniform assumption, we see that leaf normals distribute evenly in space,
which does not depend on r. From following derivation, we see for any angle Q, the

integral of |(Q ; OQ)| over upper hemisphere Q, would always equal to 7, so the result

dose not depend on Q.



Problem 2.6. Show that G = i for horizontal leaves, and G = (2/ ﬁ)sinﬁ for vertical

leaves.
Solution 2.6. For horizontal leaves, we have

5(6,-0)

sin g,

2,(Q)=5(u,~1)=
thus,
G(r,0) = %L dQ, g, (1,Q,)|Qe Q|
=iid%5(% —1)1”61% Qe |

1=} sin@cos(@—@,)+ u, cosd

1 1 2z
:E.([dﬂLé‘(ﬂL _1) 2')‘ do,

1 2r
=— | dg, |cosO| =cosl
271'([ L| |

Similarly, for vertical leaves,

o6 —x/2
gL(QL):‘g(/‘L_O):(sLin—Q)'
L

Therefore,
1
G(r,0)=——[ dQ,g,(,Q,)[QeQ)]
272- 27

1 1 2r
:Z.[dﬂLé‘(ﬂL _0) I do, |Q.QL|
0 0

1 1 27 )
:Zj.d,uﬁ(,uL -0) I do, |\1—u; sin@cos(p—@, )+, cos@‘
0 0

sin &
27

1 27 ] 2
= J do, |s1n¢900s(go—goL)| = j do, |cos((p—goL)|
0 0

:zsinﬁ
T



Problem 2.7. Let the polar angle, 6

), and azimuth angle, ¢,, of leaf normals are
independent (see Eq. 2.3). Show that

1
G(I”, /,IL) = IdﬂLgL (rs Hy )lﬂ(/,l, /JL):
0

where 1, =cosé,, u=cos6,and

1 2z
v )= [ doyhip) |00
T 0

Solution 2.7. Since polar angle, 6,, and azimuth angle, ¢,, of leaf normals are
independent, we have (Eq. 2.3)

81 (QL ) =g, (u)h (9,)

where g,(x,) and h,(¢,)/27 are the probability density functions of leaf normal
inclination and azimuth, respectively. Therefore,

1
G(r,p,) = ij dQ, g, (1,Q,)|[Qe0,|

1

2z
.[ J- d¢L§L(rMUL)hL(¢L)|Q.QL|
0

0

2
1 1 2z
IdﬂLgL(r ) — Py J.d¢LhL(¢’L)|Q°QL|
0 0
1
I /uLgL(r ) (e, )

0



Problem 2.8. Show that in canopies where leaf normals are distributed uniformly along the
azimuthal coordinate [i.e., h(¢ 1)=1], y(u, u) can be reduced to

) p |, i (upg ) > (sin6sind, ), 0
N
e, Qo -1+ 1 -2 J1- 2 sing,. else,

where the branch angle ¢ is arccos(—cot 6 x cot Op).

Solution 2.8. First we need to derive the expression for |Q J QL| :
Qe Q| =|sin(8)cos(e) e sin(6, )cos(¢, ) + sin(B)sin(p) e sin( )sin(¢, ) + cos(6) e cos(d, )|

= |sin(6) sin(6, ){cos((pL )cos(@) + sin(@)sin(@, )} + cos(0)cos(0, )|

sin(0)sin(0, )—icos(® — @, ) +cos(@ + @, ) +cos(@— ¢, ) —cos(¢ + @, )+ cos(0)cos(0, )
X }

= |sin(6) sin(0, )cos(¢p — @, ) + cos(0) cos(eL)| (2)

Using this expression, we can rewrite Eq. (1)

1 2n 1 2n ) ) _
— [doh(p,)|Q e Q| = —— [ dp,[sin(6)sin(8, ) cos(o - g, ) +cos(B) cos(, )| = [§ = 9 -, ]
2m 21 5,

o-27

jd6|sin(6) sin(0, ) cos(®) + cos(0)cos(6, )|

i
2n
2% . . ~
= 2—J.d(p|sm(6) sin(0, )cos(¢) + cos(0) cos(0, )|
T 0
The following manipulation with the integrand is true:
sin(0)sin(0, ) cos(¢) + cos(0)cos(6, ) = sin(0)sin(O, ){005(6) + ctg(0)ctg(0, )} 3)

It follows from Eq. (3) that the integrand will definitely have the same sign over interval [0, n] if
|ctg(6)ctg(6L)| >1: (becausecos(q) <1 ). But if the integrand is always positive or negative we

can transfer taking modulus from integrand to taking modulus from the total integral :

34



ljdﬂsin(@) sin(6, ) cos(§) + cos(0) cos(6, )|
T 0
_1 Td@ sin(0)sin(0, ) cos(¢p) + cos(0)cos(6, )
T 0

! |{sin(6)sin(6, ) ® 0+ cos(8)cos(D, ) e }| = |cos(0) cos(, )

T

In the other case,

ctg(G)ctg(OL)| <1, the integrand can change sign over the interval [0, n] and we
perform the following analysis. First, because cos(¢) is monotonically decreasing in the interval
[O,n] and if the integrand =0 at point¢ it means that at this point the integrand changes sign.

Point ¢" can be found as follows:
sin(0)sin(0, ) cos(¢) + cos(0)cos(6, ) = 0 (4)

We have:
cos(@)|:0=¢* = —ctg(Q)ctg(, ) =

@ = arccos(— ctg(0)ctg(0,))

So we will split the integration over [O,n] into 2 subintervals where integrand have opposite
signs, and move the modulus sign as we did earlier:

%Tdﬂsin(@)sin(eL)cos@) +cos(0) cos(0, )|
= % Tdﬁ sin(6)sin(6; ) cos(®) + cos(6)cos(8, ) — id$sin(9)sin(9L)COS(6) +cos(0)cos(6, )
= %‘sin(@) sin(0, ) o (sin(¢") —t)) +cos(0)cos(6, ) e ¢’
~ [~ 0= sin(¢")]e sin(8)sin(6, ) — cos(8) cos(8, )r — ¢’

= 1‘2 sin(0)sin(0, ) e sin(q") + cos(0)cos(6, ) o (2 Q- nl
T

Thus, we have

35



|cos(0)- cos(0, ), if [ctg(6)etg(6, )] > 1,

v(6.6,)= h%sm(e) sin(0, ) e sin(¢@") + cos(0) cos(0, ) o (2 9 Tfj , if |Ctg(9)°tg(eL) <1
n T

36



Problem 2.9. Show that in canopies with constant leaf normal inclination but uniform
orientation along azimuth [cf. Eq. (2.4)], G(u) =Y (u, 1, ).

Solution 2.9. For canopies with constant leaf normal inclination but uniform orientation along
azimuth, we have

g_L(/uL) = 5(IUL _IUZ) and hL((oL) =1.
Therefore,
1
G ===] dQ,g,(r.Q)|QeQ,|
2 i

1 1 2z _
:EJ.d:uL J. de,g, (v, 1 )h, (¢L)|Q.QL|
0 0

w1
dﬂL5(ﬂL _/JL)Z J. dehL((oL)|Q'QL|
0

Cl— — O —

d S (1, =y )w (ats p1y) =y (s ) =y (4t p1,)
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Problem 2.10. Using Eq. (2.6), derive the y(u,u, ) in the case of heliotropic orientations.

Solution 2.10. The integral is:

L[ d, cos?(§— ¢, —ncos Beos 0, +sinOsin0, cos(p—, )
T 0

127:

=—], do.cos’ (oc+n)|cosecose +sin0sin 0, cosoc|
T
Where
a=6¢,—¢.

If |c0tecot6L| >1:
1 2m

—), dacos a+n)|cos@cos9 +sin0sin 0, coscx|
T

=— J.zn do.cos’ (a + n)(cos Bcos0, +sinBsinb, cosa)

|MML| j do— (cos(Za +21)+1) + mfn do.cos® (o +n)cos o
= |MML|
Else:

1 I do.cos® (o + 1 )(cos O cos B, +sinOsin B, cosa)
T

sin0sin 0,

— ”zﬂj- do(l + cos(2a. + 21)) + J.da cosafl + cos(2a + 21))
T

=Bl [a +— ! sin(20 + 211)} + m [sin o+ Idoc cos(3a+2n) + Idoc cos(o + Zn)]
2n 2 2n

=Bl [oc +— ! sin(20 + 211)} + m[sin o+ sin(ou+21)+ lsin(30c + 211)}
2n 2 2n 3

The integral from 0 to 2r can be divided into three integrals: 0--o, ou--27-0u, 21-0u--27, noted as
I, I, Is, where o, = arccos(— cotOcot 8, ). Thus,

I = MUy
27

sinBsin 6,
+—
2n

[ +— (sm(2oc +21)—sin 21])}

[sin o, + sin(oc, + Zn) —sin2n+ %(sin(&x, + Zn) —sin Zn)}
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7, =B

{271 -2a, + 1 (sin(2n - 2a,, ) —sin(2at, + 2n))}
2n 2

4 SIMESIMY, 6251n 0, [— 2sina, +sin(2n - o, ) —sin(o, +21) + % (sin(2n - 3a, ) - Sin(3a’t + 211))}
T

I, = HH o, + l(sin 2n - sin(Zn - 2(xt))
2n 2

+ Smezﬂ{sin o, — sin(2n -2aq, ) +sin2n+ %(sin 2n- sin(2r| -3a, ))}
T

As the total integral I=I;-I,+15, we have

I= uzﬁ [40(, -2n+ sin(Zn +2a, ) — sin(2n -2aq, )]
T

+ sm@zﬂp sina, +2(sin(2n+ o, )—sin(2n—a, ) + %(sin(2n +30,) = sin(2n - 30, ))}
T

= Hep [20Lt — T+ COS(2T], )Sin(zat )]
s

2sin0sin 0O,
+—

[sin a, +cos(2n, )sin(at, ) + %cos(2n, )sin(3a, )}
T

For dia-heliotropic distribution, n=0, and
I:“ML[ )]+2sm@s1n9L

20, — T +sin(2a, )]+ L {2 sina, + 1 sin(3a, )}
T T 3

For para-heliotropic distribution, n=n/2, and

=B [Zoc, - — sin(20ct )] - Msin(?»a,)
T 3n
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Problem 2.11. Show that the leaf normals appropriate for specular reflection are given by

c |-y

M Ri—aen)
1= % sing'—y/1— 1% sin¢

tang, = .
1= "% cos@'—/1— u* cos ¢
A

// \\
7 N\
// N
/7 n \\
7 \

Solution 2.11. The leaf normal (vector) can be written as,n =Q —Q". Let cosa=QeQ and
after normalization, n = (Q —Q')/(2sin(0/2)) . Considering that

Q = sin0 singX + sind cosgy + cosbz,
Q' =sinb'sinp'X + sinb'cos@’y + cosd'z,
n = sinB, sing, X +sinb, cos, ¥ + cosh, z,

we have

sin 6, sin g, = sin @sin @ —sin @' sin @ ’ 1)

2 sin(aj
2

sin @ cos ¢ —sin @' cos ¢’

2 sin(aj
2

cos@ —cosb’ _ |ﬂ—ﬂL|

2 sin(aj 2 sin(aj
2 2
Dividing Egs. (1) by (2), we obtain,

o, — sin@sing —sin@'sing’ _ y1—p* sing—/1-p'* sing’
oL sinfcosp—sind'cosg’ [1- 4> cosp—+/1— u'>Ocos¢’

sind, sing, =

2

cosf, =

40



and from, sin(ex/2) =./(1-cosa)/2,

| pu—p, | _ | =, |

Hp = = —
2\/1—(:20505 2\/(1—909)
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